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1. In t roduc t ion .  

The purpose of t h i s  no te  i s  t o  restate. a l i t t l e  more accu- 

r a t e l y  one p a r t  of t h e  canonica,l s t r u c t u r e  theorem of Kalmam [1,2] 

f o r  l i n e a r  d i f f e r e n t i a l  systems. The restatement  changes s l i g h t l y  

t h e  p a t t e r n  of zeros  i n  t h e  c o e f f i c i e n t  ma t r ix  of t h e  s ta t .e  vec to r .  

The o r i g i n a l l y  s t a t e d  form was pr rpe tua ted  i n  t h e  extension of t h e  

theorem by Weiss [3,4] and has found i t s  way i n t c  t h e  textbook 

l i t e r a t u r e  [ 5 ] .  

Tor s impl i c i ty ,  only t h e  t ime-invariant  case i s  ccnsidered.  , 

A r igo rous  proof of t h e  theorem f o r  t ime-varying systems i s  con- 

t a i n e d  i n  [63, based on s m e  important f a c t s  e s t a b l i s h e d  i n  ["] con- 

ce rn ing  ma t r i ces  of constant  rank whose elemerits a r e  func t ions  of 
r 
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Consider a l i n e a r  system 
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(One can avoid t h e  a p p e l l a t i v e s  "causal" and "an t i causa l "  by adopting 

R d d i  t i o n d  terminology such as ' I  r e  ac hab ili t y" and 

i n  add i t ion  t o  " c o n t r o l l a b i l i t y "  and "observaSi l i ty"  181) . 

cons t ruc t  i b  i li t y" 

,Theorem: (i) A t  each po in t  t .  i n  time, t h e r e  i s  a d i r e c t  sum 

decomposition of t h e  s t a t e  vector  x ( t )  of (1) i n t o  four p a r t s  

in which x l ( t )  i s  c o n t r o l l a b l e  and unobservable,  x,(t) i s  con- 

t r o l l a b l e  and observable,  x , ( t )  i s  u n c t r o l l a b l e  and unobservable, 

and x ( t)  i s  uncon t ro l l ab le  md observable:  
4 

(ii) Corresponding t o  t h i s  decomposition i s  a coord ina te  

t ransformat ion  on t h e  s t a t e  spzce of (1) wi th  r e spec t  t o  which the 

system mat r ices  F,G,H have the  form 

Pas t  stat.ements of th i s  +,heorem and i t s  extensions [l-?] 

have claimed tha t  

s a t i s f y i n g  i n  sane sense,  i t  i s  not  poss ib l e ,  - i n  genera l ,  -- t o  t r a n s -  

form an a r b i t r a r y  F matr ix  t o  the  above canonica l  form i n  which -- --- --- 

F23 = 0 .  While t h i s  might be a e s t h e t i c a l l y  

--- 
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F2? = 0 .  

The proof of t h i s  statement i s  provided by the fol lowing 

counterexample. Let 

The system (1) with F,G,,H 

form (2) .  

a s  i n  (3) i s  already i n  t h e  canonical  

It has a subsystem 

which i s  uncon t ro l l ab le  and unobservable; and it has another sub- 

system 

( 5 )  2 (t,) = x ( t )  + x,(t) + U ( t )  

Y W  = x,(t> 

1 1 

which i s  c o n t r o l l a b l e  and observable.  

t i o n ,  the vec to r  x , ( t )  

convent ional  d e f i n i t i o n s  of o b s e r v a b i l i t y  involve consider ing t h e  system 

wi th  a l l  fo rc ing  func t ions  s e t  t o  z e r o . )  

( I n  rnaklfig t h e  l a t t e r  deterinins- 

i n  ( 5 )  i s  viewed as a f'orcing funct ion and 
L 

It i s  p e r f e c t l y  evident,  i n  any case,  t h a t  no r e a l  coordinate  

t ransformation e x i s t s  which can b a s i c a l l y  change t h e  s t r u c t u r e  of (3). 

, 




